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GENERALIZATIONS OF WEIGHTED TRAPEZOIDAL
INEQUALITY FOR MONOTONIC MAPPINGS AND ITS
APPLICATIONS
KUEI-LIN TSENG, GOU-SHENG YANG, AND SEVER S. DRAGOMIR
Abstract. In this paper, we establish some generalizations of weighted trape-
zoid inequality for monotonic mappings, and give several applications for
r −moment, the expectation of a continuous random variable and the Beta
mapping.
1. Introduction
The trapezoid inequality, states that if f ′′ exists and is bounded on (a, b), then
(1.1)
∣∣∣∣∣
∫ b
a
f(x)dx− b− a
2
[f(a) + f(b)]
∣∣∣∣∣ ≤ (b− a)312 ‖f ′′‖∞ ,
where
‖f ′′‖∞ := sup
x∈(a,b)
|f ′′| <∞.
Now if we assume that In : a = x0 < x1 < · · · < xn = b is a partition of the
interval [a, b] and f is as above, then we can approximate the integral
∫ b
a
f (x) dx by
the trapezoidal quadrature formula AT (f, In), having an error given by RT (f, In),
where
(1.2) AT (f, In) :=
1
2
n−1∑
i=0
[f (xi) + f (xi+1)] li,
and the remainder satisfies the estimation
(1.3) |RT (f, In)| ≤ 112 ‖f
′′‖∞
n−1∑
i=0
l3i ,
with li := xi+1 − xi for i = 0, 1, . . . , n− 1.
For some recent results which generalize, improve and extend this classic inequal-
ity (1.1), see the papers [2] – [8].
Recently, Cerone-Dragomir [3] proved the following two trapezoid type inequal-
ities:
1991 Mathematics Subject Classification. Primary: 26D15; Secondary: 41A55.
Key words and phrases. Trapezoid inequality, Monotonic mappings, r−moment and the ex-
pectation of a continuous random variable, the Beta mapping.
1
2 KUEI-LIN TSENG, GOU-SHENG YANG, AND SEVER S. DRAGOMIR
Theorem A. Let f : [a, b]→ R be a monotonic non-decreasing mapping. Then∣∣∣∣∣
∫ b
a
f(t)dt− [(x− a) f (a) + (b− x) f (b)]
∣∣∣∣∣(1.4)
≤ (b− x) f (b)− (x− a) f (a) +
∫ b
a
sgn (x− t) f (t) dt
≤ (x− a) [f (x)− f (a)] + (b− x) [f (b)− f (x)]
≤
[
1
2
(b− a) +
∣∣∣∣x− a+ b2
∣∣∣∣] [f (b)− f (a)] ,
for all x ∈ [a, b]. The above inequalities are sharp.
Let In, li (i = 0, 1, . . . , n−1) be as above and let ξi ∈ [xi, xi+1] (i = 0, 1, . . . , n−1)
be intermediate points. Define the sum
TP (f, In, ξ) :=
n−1∑
i=0
[(ξi − xi) f (xi) + (xi+1 − ξi) f (xi+1)] .
We have the following result concerning the approximation of the integral
∫ b
a
f(x)dx
in terms of TP .
Theorem B. Let f be defined as in Theorem A, then we have
(1.5)
∫ b
a
f(x)dx = TP (f, In, ξ) +RP (f, In, ξ) .
The remainder term RP (f, In, ξ) satisfies the estimate
|RP (f, In, ξ)|(1.6)
≤
n−1∑
i=0
[(xi+1 − ξi) f (xi+1)− (ξi − xi) f (xi)]
+
n−1∑
i=0
∫ xi+1
xi
sgn (ξi − t) f (t) dt
≤
n−1∑
i=0
(ξi − xi) [f (ξi)− f (xi)] +
n−1∑
i=0
(xi+1 − ξi) [f (xi+1)− f (ξi)]
≤
n−1∑
i=0
[
1
2
li +
∣∣∣∣ξi − xi + xi+12
∣∣∣∣] [f (xi+1)− f (xi)]
≤
[
1
2
ν (l) + max
i=0,1,...,n−1
∣∣∣∣ξi − xi + xi+12
∣∣∣∣] [f (b)− f (a)]
≤ ν (l) [f (b)− f (a)]
where ν (l) := max {li |i = 0, 1, . . . , n− 1} .
In this paper, we establish weighted generalizations of Theorems A-B, and give
several applications for r−moments and the expectation of a continuous random
variable, the Beta mapping and the Gamma mapping.
2. Some Integral Inequalities
Theorem 1. Let g : [a, b] → R be non-negative and continuous with g (t) > 0 on
(a, b) and let h : [a, b]→ R be differentiable such that h′ (t) = g (t) on [a, b] .
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(a) Suppose f : [a, b]→ R is a monotonic non-decreasing mapping. Then∣∣∣∣∣
∫ b
a
f(t)g (t) dt− [(x− h(a)) f (a) + (h(b)− x) f (b)]
∣∣∣∣∣(2.1)
≤ (h(b)− x) f (b)− (x− h(a)) f (a) +
∫ b
a
sgn
(
h−1(x)− t) f (t) g (t) dt
≤ (x− h(a)) · [f (h−1(x))− f (a)]+ (h(b)− x) · [f (b)− f (h−1(x))]
≤
[
1
2
∫ b
a
g (t) dt+
∣∣∣∣x− h(a) + h(b)2
∣∣∣∣
]
· [f (b)− f (a)]
for all x ∈ [h(a), h(b)] .
(b) Suppose f : [a, b]→ R is a monotonic non-increasing mapping. Then∣∣∣∣∣
∫ b
a
f(t)g (t) dt− [(x− h(a)) f (a) + (h(b)− x) f (b)]
∣∣∣∣∣(2.2)
≤ (x− h(a)) f (a)− (h(b)− x) f (b) +
∫ b
a
sgn
(
t− h−1(x)) f (t) g (t) dt
≤ (x− h(a)) · [f (a)− f (h−1(x))]+ (h(b)− x) · [f (h−1(x))− f (b)]
≤
[
1
2
∫ b
a
g (t) dt+
∣∣∣∣x− h(a) + h(b)2
∣∣∣∣
]
· [f (a)− f (b)]
for all x ∈ [h(a), h(b)] .
The above inequalities are sharp.
Proof. (1)
(a) Let x ∈ [h(a), h(b)]. Using integration by parts, we have the following
identity
∫ b
a
(x− h(t)) df (t)(2.3)
= (x− h(t)) f (t)
∣∣∣∣b
a
+
∫ b
a
f(t)g (t) dt
=
∫ b
a
f(t)g (t) dt− [(x− h(a)) f (a) + (h(b)− x) f (b)] .
It is well known [3, p. 813] that if µ, ν : [a, b] → R are such that µ is
continuous on [a, b] and ν is monotonic non-decreasing on [a, b], then
(2.4)
∣∣∣∣∣
∫ b
a
µ (t) dν (t)
∣∣∣∣∣ ≤
∫ b
a
|µ (t)| dν (t) .
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Now, using identity (2.3) and inequality (2.4), we have∣∣∣∣∣
∫ b
a
f(t)g (t) dt− [(x− h(a)) f (a) + (h(b)− x) f (b)]
∣∣∣∣∣(2.5)
≤
∫ b
a
|x− h(t)| df (t)
=
∫ h−1(x)
a
(x− h(t)) df (t) +
∫ b
h−1(x)
(h(t)− x) df (t)
= (x− h(t)) f (t)
∣∣∣∣h−1(x)
a
+
∫ h−1(x)
a
f (t) g (t) dt
+ (h(t)− x)
∣∣∣∣b
h−1(x)
−
∫ b
h−1(x)
f (t) g (t) dt
= (h(b)− x) f (b)− (x− h(a)) f (a) +
∫ b
a
sgn
(
h−1(x)− t) f (t) g (t) dt
and the first inequalities in (2.1) are proved.
As f is monotonic non-decreasing on [a, b] , we obtain∫ h−1(x)
a
f (t) g (t) dt ≤ f (h−1 (x)) ∫ h−1(x)
a
g (t) dt
= (x− h(a)) f (h−1 (x))
and ∫ b
h−1(x)
f (t) g (t) dt ≥ f (h−1 (x)) ∫ b
h−1(x)
g (t) dt
= (h(b)− x) f (h−1 (x)) ,
then∫ b
a
sgn
(
h−1(x)− t) f (t) g (t) dt ≤ (x− h(a)) f (h−1 (x))+ (x− h(b)) f (h−1 (x)) .
Therefore,
(h(b)− x) f (b)− (x− h(a)) f (a) +
∫ b
a
sgn
(
h−1(x)− t) f (t) g (t) dt(2.6)
≤ (h(b)− x) f (b)− (x− h(a)) f (a)
+ (x− h(a)) f (h−1 (x))+ (x− h(b)) f (h−1 (x))
= (x− h(a)) · [f (h−1(x))− f (a)]+ (h(b)− x) · [f (b)− f (h−1(x))]
which proves that the second inequality in (2.1).
As f is monotonic non-decreasing on [a, b] , we have
f (a) ≤ f (h−1(x)) ≤ f (b)
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and
(x− h(a)) · [f (h−1(x))− f (a)]+ (h(b)− x) · [f (b)− f (h−1(x))](2.7)
≤ max{x− h(a), h(b)− x} · [f (h−1(x))− f (a) + f (b)− f (h−1(x))]
=
[
h(b)− h(a)
2
+
∣∣∣∣x− h(a) + h(b)2
∣∣∣∣] · [f (b)− f (a)]
=
[
1
2
∫ b
a
g (t) dt+
∣∣∣∣x− h(a) + h(b)2
∣∣∣∣
]
· [f (b)− f (a)] .
Thus, by (2.5), (2.6) and (2.7), we obtain (2.1).
Let
g (t) ≡ 1, t ∈ [a, b]
h (t) = t, t ∈ [a, b]
f(t) =
{
0, t ∈ [a, b)
1, t = b
and x = a+b2 . Then∣∣∣∣∣
∫ b
a
f(t)g (t) dt− [(x− h(a)) f (a) + (h(b)− x) f (b)]
∣∣∣∣∣
= (h(b)− x) f (b)− (x− h(a)) f (a) +
∫ b
a
sgn
(
h−1(x)− t) f (t) g (t) dt
= (x− h(a)) · [f (h−1(x))− f (a)]+ (h(b)− x) · [f (b)− f (h−1(x))]
=
[
1
2
∫ b
a
g (t) dt+
∣∣∣∣x− h(a) + h(b)2
∣∣∣∣
]
· [f (b)− f (a)]
=
b− a
2
which proves that the inequalities (2.1) are sharp.
(b) If f is replaced by −f in (a), then (2.2) is obtained from (2.1).
This completes the proof.
Remark 1. If we choose g (t) ≡ 1, h (t) = t on [a, b], then the inequalities (2.1)
reduce to (1.4).
Corollary 1. If we choose x = h(a)+h(b)2 , then we get∣∣∣∣∣
∫ b
a
f(t)g (t) dt− f (a) + f (b)
2
∫ b
a
g (t) dt
∣∣∣∣∣(2.8)
≤ 1
2
∫ b
a
g (t) dt · [f (b)− f (a)]
+
∫ b
a
sgn
(
h−1
(
h(a) + h(b)
2
)
− t
)
f (t) g (t) dt
≤ 1
2
∫ b
a
g (t) dt · [f (b)− f (a)]
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where f and g are defined as in (a) of Theorem 1, and∣∣∣∣∣
∫ b
a
f(t)g (t) dt− f (a) + f (b)
2
∫ b
a
g (t) dt
∣∣∣∣∣(2.9)
≤ 1
2
∫ b
a
g (t) dt · [f (a)− f (b)]
+
∫ b
a
sgn
(
t− h−1
(
h(a) + h(b)
2
))
f (t) g (t) dt
≤ 1
2
∫ b
a
g (t) dt · [f (a)− f (b)]
where f and g are defined as in (b) of Theorem 1.
The inequalities (2.8) and (2.9) are the “weighted trapezoid” inequalities.
Note that the trapezoid inequality (2.8) and (2.9) are, in a sense, the best possible
inequalities we can obtain from (2.1) and (2.2). Moreover, the constant 12 is the
best possible for both inequalities in (2.8) and (2.9), respectively.
Remark 2. The following inequality is well-known in the literature as the Feje´r
inequality (see for example [9]):
(2.10) f
(
a+ b
2
)∫ b
a
g (t) dt ≤
∫ b
a
f(t)g (t) dt ≤ f (a) + f (b)
2
∫ b
a
g (t) dt,
where f : [a, b]→ R is convex and g : [a, b]→ R is positive integrable and symmetric
to a+b2 .
Using the above results and (2.8) – (2.9), we obtain the following error bound of
the second inequality in (2.10):
0 ≤ f (a) + f (b)
2
∫ b
a
g (t) dt−
∫ b
a
f(t)g (t) dt(2.11)
≤ 1
2
∫ b
a
g (t) dt · [f (b)− f (a)]
+
∫ b
a
sgn
(
h−1(
h(a) + h(b)
2
)− t
)
f (t) g (t) dt
≤ 1
2
∫ b
a
g (t) dt · [f (b)− f (a)]
provided that f is monotonic non-decreasing on [a, b].
0 ≤ f (a) + f (b)
2
∫ b
a
g (t) dt−
∫ b
a
f(t)g (t) dt(2.12)
≤ 1
2
∫ b
a
g (t) dt · [f (a)− f (b)]
+
∫ b
a
sgn
(
t− h−1(h(a) + h(b)
2
)
)
f (t) g (t) dt
≤ 1
2
∫ b
a
g (t) dt · [f (a)− f (b)]
provided that f is monotonic non-increasing on [a, b].
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3. Applications for Quadrature Formula
Throughout this section, let g and h be defined as in Theorem 1.
Let f : [a, b] → R, and let In : a = x0 < x1 < · · · < xn = b be a partition
of [a, b] and ξi ∈ [h(xi), h(xi+1)] (i = 0, 1, . . . , n − 1) be intermediate points. Put
li := h(xi+1)− h(xi) =
∫ xi+1
xi
g (t) dt and define the sum
TP (f, g, h, In, ξ) :=
n−1∑
i=0
[(ξi − h(xi)) f (xi) + (h(xi+1)− ξi) f (xi+1)] .
We have the following result concerning the approximation of the integral
∫ b
a
f(t)g (t) dt
in terms of TP .
Theorem 2. Let ν (l) := max {li |i = 0, 1, . . . , n− 1}, f be defined as in Theorem
1 and let
(3.1)
∫ b
a
f(t)g (t) dt = TP (f, g, h, In, ξ) +RP (f, g, h, In, ξ) .
Then, the remainder term RP (f, g, h, In, ξ) satisfies the following estimates:
(a) Suppose f is monotonic non-decreasing on [a, b] , then
|RP (f, g, h, In, ξ)|(3.2)
≤
n−1∑
i=0
[(h (xi+1)− ξi) f (xi+1)− (ξi − h (xi)) f (xi)]
+
n−1∑
i=0
∫ xi+1
xi
sgn
(
h−1 (ξi)− t
)
f (t) g (t) dt
≤
n−1∑
i=0
(ξi − h (xi))
[
f
(
h−1 (ξi)
)− f (xi)]
+
n−1∑
i=0
(h (xi+1)− ξi)
[
f (xi+1)− f
(
h−1 (ξi)
)]
≤
n−1∑
i=0
[
1
2
li +
∣∣∣∣ξi − h (xi) + h (xi+1)2
∣∣∣∣] · [f (xi+1)− f (xi)]
≤
[
1
2
ν (l) + max
i=0,1,...,n−1
∣∣∣∣ξi − h (xi) + h (xi+1)2
∣∣∣∣] · [f (b)− f (a)]
≤ ν (l) [f (b)− f (a)] .
(b) Suppose f is monotonic non-increasing on [a, b] , then
|RP (f, g, h, In, ξ)|(3.3)
≤
n−1∑
i=0
[(ξi − h (xi)) f (xi)− (h (xi+1)− ξi) f (xi+1)]
+
n−1∑
i=0
∫ xi+1
xi
sgn
(
t− h−1 (ξi)
)
f (t) g (t) dt
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≤
n−1∑
i=0
(ξi − h (xi))
[
f (xi)− f
(
h−1 (ξi)
)]
+
n−1∑
i=0
(h (xi+1)− ξi)
[
f
(
h−1 (ξi)
)− f (xi+1)]
≤
n−1∑
i=0
[
1
2
li +
∣∣∣∣ξi − h (xi) + h (xi+1)2
∣∣∣∣] · [f (xi)− f (xi+1)]
≤
[
1
2
ν (l) + max
i=0,1,...,n−1
∣∣∣∣ξi − h (xi) + h (xi+1)2
∣∣∣∣] · [f (a)− f (b)]
≤ ν (l) [f (a)− f (b)] .
Proof. (1)
(a) Apply Theorem 1 on the intervals [xi, xi+1] (i = 0, 1, . . . , n− 1) to get
∣∣∣∣∫ xi+1
xi
f(t)g (t) dt− [(ξi − h(xi)) f (xi) + (h(xi+1)− ξi) f (xi+1)]
∣∣∣∣
≤ (h(xi+1)− ξi) f (xi+1)− (ξi − h(xi)) f (xi)
+
∫ xi+1
xi
sgn
(
h−1(ξi)− t
)
f (t) g (t) dt
≤ (ξi − h(xi)) ·
[
f
(
h−1(ξi)
)− f (xi)]
+ (h(xi+1)− ξi) ·
[
f (xi+1)− f
(
h−1(ξi)
)]
≤
[
1
2
li +
∣∣∣∣ξi − h(xi) + h(xi+1)2
∣∣∣∣] · [f (xi+1)− f (xi)]
for all i ∈ {0, 1, . . . , n− 1} .
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Using this and the generalized triangle inequality, we have
|RP (f, g, h, In, ξ)|(3.4)
≤
n−1∑
i=0
∣∣∣∣∫ xi+1
xi
f(t)g (t) dt− [(ξi − h(xi)) f (xi) + (h(xi+1)− ξi) f (xi+1)]
∣∣∣∣
≤
n−1∑
i=0
[(h (xi+1)− ξi) f (xi+1)− (ξi − h (xi)) f (xi)]
+
n−1∑
i=0
∫ xi+1
xi
sgn
(
h−1 (ξi)− t
)
f (t) g (t) dt
≤
n−1∑
i=0
(ξi − h (xi))
[
f
(
h−1 (ξi)
)− f (xi)]
+
n−1∑
i=0
(h (xi+1)− ξi)
[
f (xi+1)− f
(
h−1 (ξi)
)]
≤
n−1∑
i=0
[
1
2
li +
∣∣∣∣ξi − h (xi) + h (xi+1)2
∣∣∣∣] [f (xi+1)− f (xi)]
≤
[
1
2
ν (l) + max
i=0,1,...,n−1
∣∣∣∣ξi − h (xi) + h (xi+1)2
∣∣∣∣] [f (b)− f (a)] .
Next, we observe that
(3.5)
∣∣∣∣ξi − h(xi) + h(xi+1)2
∣∣∣∣ ≤ 12 li (i = 0, 1, . . . , n− 1);
and then
(3.6) max
i=0,1,...,n−1
∣∣∣∣ξi − h(xi) + h(xi+1)2
∣∣∣∣ ≤ 12ν (l) .
Thus, by (3.4), (3.5) and (3.6), we obtain (3.2).
(b) The proof is similar as (a) and we omit the details.
This completes the proof.
Remark 3. If we choose g (t) ≡ 1, h (t) = t on [a, b], then the inequalities (3.2)
reduce to (1.6).
Now, let ξi =
h(xi)+h(xi+1)
2 (i = 0, 1, . . . , n− 1) and let TPW (f, g, h, In) and
RP (f, g, h, In) be defined as
TPW (f, g, h, In) = TP (f, g, h, In, ξ) =
1
2
n−1∑
i=0
[f (xi) + f (xi+1)]
∫ xi+1
xi
g (t) dt
and
RPW (f, g, h, In) = RP (f, g, h, In, ξ)
=
∫ b
a
f (t) g (t) dt− 1
2
n−1∑
i=0
[f (xi) + f (xi+1)]
∫ xi+1
xi
g (t) dt.
If we consider the weighted trapezoidal formula TPW (f, g, h, In) , then we have
the following corollary:
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Corollary 2. Let f , g, h be defined as in Theorem 2 and let ξi =
h(xi)+h(xi+1)
2
(i = 0, 1, . . . , n− 1) . Then∫ b
a
f (t) g (t) dt = TPW (f, g, h, In) +RPW (f, g, h, In)
where the remainder satisfies the following estimates:
(a) Suppose f is monotonic non-decreasing on [a, b] , then
|RPW (f, g, h, In)|(3.7)
≤ 1
2
n−1∑
i=0
(∫ xi+1
xi
g (t) dt
)
[f (xi+1)− f (xi)]
+
n−1∑
i=0
∫ xi+1
xi
sgn
(
h−1
(
h (xi) + h (xi+1)
2
)
− t
)
f (t) g (t) dt
≤ 1
2
n−1∑
i=0
(∫ xi+1
xi
g (t) dt
)
· [f (xi+1)− f (xi)]
≤ ν (l)
2
· [f (b)− f (a)] .
(b) Suppose f is monotonic non-increasing on [a, b] , then
|RPW (f, g, h, In)|(3.8)
≤ 1
2
n−1∑
i=0
(∫ xi+1
xi
g (t) dt
)
[f (xi)− f (xi+1)]
+
n−1∑
i=0
∫ xi+1
xi
sgn
(
t− h−1
(
h (xi) + h (xi+1)
2
))
f (t) g (t) dt
≤ 1
2
n−1∑
i=0
(∫ xi+1
xi
g (t) dt
)
· [f (xi)− f (xi+1)]
≤ ν (l)
2
· [f (a)− f (b)] .
Remark 4. In Corollary 2, suppose f is monotonic on [a, b] ,
xi = h−1
[
h (a) +
i (h(b)− h(a))
n
]
(i = 0, 1, . . . , n) ,
and
li := h(xi+1)− h(xi) = h(b)− h(a)
n
=
1
n
∫ b
a
g (t) dt. (i = 0, 1, . . . , n− 1) .
If we want to approximate the integral
∫ b
a
f (t) g (t) dt by TPW (f, g, h, In) with an
accuracy less that ε > 0, we need at least nε ∈ N points for the partation In, where
nε :=
[
1
2ε
∫ b
a
g (t) dt · |f (b)− f (a)|
]
+ 1
and [r] denotes the Gaussian integer of r (r ∈ R) .
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4. Some Inequalities for Random Variables
Throughout this section, let 0 < a < b , r ∈ R, and let X be a continuous
random variable having the continuous probability density mapping g : [a, b] → R
with g (t) > 0 on (a, b) , h : [a, b] → R with h′ (t) = g (t) for t ∈ (a, b) and the
r−moment
Er (X) :=
∫ b
a
trg (t) dt,
which is assumed to be finite.
Theorem 3. The inequalities∣∣∣∣Er (X)− ar + br2
∣∣∣∣ ≤ 12 (br − ar) +
∫ b
a
sgn
(
h−1
(
1
2
)
− t
)
trg (t) dt(4.1)
≤ 1
2
(br − ar) as r ≥ 0
and ∣∣∣∣Er (X)− ar + br2
∣∣∣∣ ≤ 12 (ar − br) +
∫ b
a
sgn
(
t− h−1
(
1
2
))
trg (t) dt(4.2)
≤ 1
2
(ar − br) as r < 0,
hold.
Proof. If we put f (t) = tr (t ∈ [a, b]) , h (t) = ∫ t
a
g (x) dx (t ∈ [a, b])and x =
h(a)+h(b)
2 =
1
2 in Corollary 1, then we obtain (4.1) and (4.2). This completes
the proof.
The following corollary which is a special case of Theorem 3.
Corollary 3. The inequalities
(4.3)
∣∣∣∣E (X)− a+ b2
∣∣∣∣ ≤ b− a2 +
∫ b
a
sgn
(
h−1
(
1
2
)
− t
)
tg (t) dt ≤ b− a
2
hold where E (X) is the expectation of the random variable X.
5. Inequalities for Beta Mapping and Gamma Mapping
The following two mappings are well-known in the literature as the Beta mapping
and the Gamma mapping, respectively:
β (x, y) :=
∫ 1
0
tx−1 (1− t)y−1 dt, x > 0, y > 0.
Γ(x) =
∫ ∞
0
e−ttx−1dt, x > 0.
The following inequality which is an applicaton of Theorem 1 for the Beta map-
ping holds:
12 KUEI-LIN TSENG, GOU-SHENG YANG, AND SEVER S. DRAGOMIR
Theorem 4. Let p, q > 0. Then we have the inequality
|β (p+ 1, q + 1)− x|(5.1)
≤ x+
∫ b
a
sgn
[
t− ((p+ 1)x) 1p+1
]
tp (1− t)q dt
≤ x+
(
1
p+ 1
− 2x
)[
1− ((p+ 1)x) 1p+1
]q
≤ 1
2 (p+ 1)
+
∣∣∣∣x− 12(p+ 1)
∣∣∣∣
for all x ∈
[
0, 1p+1
]
.
Proof. If we put a = 0, b = 1, f(t) = (1− t)q, g(t) = tp and h (t) = tp+1p+1 (t ∈ [0, 1])
in Theorem 1, we obtain the inequality (5.1) for all x ∈
[
0, 1p+1
]
. This completes
the proof.
The following remark which is an applicaton of Theorem 4 for the Gamma map-
ping holds:
Remark 5. Taking into account that β (p+ 1, q + 1) = Γ(p+1)Γ(q+1)Γ(p+q+2) , the inequality
(5.1) is equivalent to∣∣∣∣Γ(p+ 1)Γ(q + 1)Γ(p+ q + 2) − x
∣∣∣∣ ≤ x+ ∫ b
a
sgn
[
t− ((p+ 1)x) 1p+1
]
tp (1− t)q dt
≤ x+
(
1
p+ 1
− 2x
)[
1− ((p+ 1)x) 1p+1
]q
≤ 1
2 (p+ 1)
+
∣∣∣∣x− 12(p+ 1)
∣∣∣∣
i.e.,
|(p+ 1)Γ(p+ 1)Γ(q + 1)− x(p+ 1)Γ(p+ q + 2)|
≤
[
x+
∫ b
a
sgn
[
t− ((p+ 1)x) 1p+1
]
tp (1− t)q dt
]
(p+ 1)Γ(p+ q + 2)
≤
[
x+
(
1
p+ 1
− 2x
)[
1− ((p+ 1)x) 1p+1
]q]
(p+ 1)Γ(p+ q + 2)
≤
[
1
2
+
∣∣∣∣x(p+ 1)− 12
∣∣∣∣] · Γ(p+ q + 2)
and as (p+ 1)Γ(p+ 1) = Γ(p+ 2), we get
|Γ(p+ 2)Γ(q + 1)− x(p+ 1)Γ(p+ q + 2)|(5.2)
≤
[
x+
∫ b
a
sgn
[
t− ((p+ 1)x) 1p+1
]
tp (1− t)q dt
]
(p+ 1)Γ(p+ q + 2)
≤
[
x+
(
1
p+ 1
− 2x
)[
1− ((p+ 1)x) 1p+1
]q]
(p+ 1)Γ(p+ q + 2)
≤
[
1
2
+
∣∣∣∣x(p+ 1)− 12
∣∣∣∣] · Γ(p+ q + 2).
WEIGHTED TRAPEZOIDAL INEQUALITY FOR MONOTONIC MAPPINGS 13
References
[1] T.M. Apostol, Mathematical Analysis, Second Edition, Addision-Wesley Publishing Company,
1975.
[2] N.S. Barnett, S.S. Dragomir and C.E.M. Pearce, A quasi-trapezoid inequality for double inte-
grals, submitted.
[3] P. Cerone and S.S. Dragomir, Trapezoidal Type Rules from An Inequalities Point of View,
Handbook of Analytic-Computational Methods in Applied Mathematics, Editor: G. Anastas-
siou, CRC Press, N.Y., (2000), 65-134.
[4] S.S. Dragomir, P. Cerone and A. Sofo, Some remarks on the trapezoid rule in numerical
integration, Indian J. of Pure and Appl. Math., 31(5) (2000), 475-494.
[5] S.S. Dragomir and T.C. Peachey, New estimation of the remainder in the trapezoidal formula
with applications, Studia Universitatis Babes-Bolyai Mathematica, XLV(4) (2000), 31-42.
[6] S.S. Dragomir, On the trapezoid quadrature formula and applications, Kragujevac J. Math.,
23 (2001), 25-36.
[7] S.S. Dragomir, On the trapezoid quadrature formula for Lipschitzian mappings and applica-
tions, Tamkang J. of Math., 30 (2) (1999), 133-138.
[8] P. Cerone, S.S. Dragomir and C.E.M. Pearce, A generalized trapezoid inequality for functions
of bounded variation, Turkish J. Math., 24(2) (2000), 147-163.
[9] L. Feje´r, Uberdie Fourierreihen, II, Math. Natur. Ungar. Akad Wiss., 24 (1906), 369-390. [In
Hungarian]
Department of Mathematics, Aletheia University, Tamsui, Taiwan 25103.
E-mail address: kltseng@email.au.edu.tw
Department of Mathematics, Tamkang University, Tamsui, Taiwan 25137.
School of Computer Science and Mathematics, Victoria University of Technology,
PO Box 14428, MCMC 8001, Victoria, Australia.
E-mail address: sever@matilda.vu.edu.au
URL: http://rgmia.vu.edu.au/SSDragomirWeb.html
